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Abstract

We report results obtained for two elementary unstable ﬂow conﬁgurations relevant to high
energy density physics: the ablation front instability and the Rayleigh–Taylor -instability induced
mixing layer. These two ﬂows are characterized by a transience of their perturbation dynamics.
In the ablative ﬂow case, this perturbation dynamics transience takes the form of ﬁnite-durations
of successive linear-perturbation evolution phases until reaching regimes of decaying
oscillations. This behaviour is observed in various regimes: weakly or strongly accelerated
ablation fronts, irradiation asymmetries or initial external-surface defects, and is a result of the
mean-ﬂow unsteadiness and stretching. In the case of the Rayleigh–Taylor-instability induced
mixing layer, perturbation dynamics transience manifests itself through the extinction of
turbulence and mixing as the ﬂow reaches a stable state made of two stably stratiﬁed layers of
pure ﬂuids separated by an unstratiﬁed mixing layer. A second feature, also due to
compressibility, takes the form of an intense acoustic wave production, mainly localized in the
heavy ﬂuid. Finally, we point out that a systematic short-term linear-perturbation dynamics
analysis should be undertaken within the framework of non-normal stability theory.
Keywords: hydrodynamic instability, ablation front instability, Rayleigh–Taylor instability,
compressible ﬂows, spectral methods
(Some ﬁgures may appear in colour only in the online journal)
1. Introduction

on a regime restriction of some sort, whether bearing on the
mean ﬂow (e.g. mean-ﬂow steadiness), on perturbations
(e.g. thermodynamic hypothesis, isentropic, isothermal, etc),
or on both (e.g. quasi-incompressibility). For HEDP ﬂows
characterized by high compressibility and transience, this
kind of restriction may turn out to be too strong for correctly
assessing their hydrodynamic stability. In this work, we focus
on two elementary unstable ﬂow conﬁgurations relevant to
HEDP: the ablation front instability (AFI) and the Rayleigh–
Taylor -instability (RTI) induced turbulent mixing layer. In
the simplest conﬁguration, RTI occurs when a heavy ﬂuid is
stacked above a lighter one in a downward-oriented constant
and uniform force ﬁeld. Ablation fronts may arise when
suddenly exposing a cold material, initially at rest, to an
external heat source [1] and correspond to the penetration of
heat at subsonic velocities. The associated ﬂow conﬁguration
is that of a leading shock wave followed by a subsonic heat
front coinciding with the leading edge of an expansion wave,
and is known as a ‘heat wave in the deﬂagration regime’ or

Flows in high energy density physics (HEDP) often proceed
from very transient events such as shock waves, expansion
waves, and heat waves as induced by some transient cause
such as a brief energy deposition. If multi-physics numerical
simulations are able to follow the main features of these
ﬂows, they have however to be supplemented by some kind
of modeling. This need for complementary modelings is
especially acute when investigating hydrodynamic instabilities which may develop in such ﬂows. The dynamics of these
instabilities is dominated by extreme gradients and very
transient conditions that are hardly captured with sufﬁcient
accuracy by multi-physics simulations given the large disparity of the ﬂow spatial and temporal scales. However,
common modelings of hydrodynamic instabilities often rely
1
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‘ablative heat wave’. In such a wave, the expanding hot ﬂuid
is accelerating the denser shocked ﬂuid, depicting a situation
which is, apart from the mass ﬂow through the front, similar
to the classical RTI conﬁguration. This ablative wave may be
unstable with respect to transverse perturbations.
The RTI has been the object of continuous interest over
the last few decades since it is present in various physical
situations and in particular in HEDP, including astrophysics
and inertial conﬁnement fusion (ICF). The implosion of an
ICF pellet is an illustrating example. In ICF, a spherical pellet,
schematically made of a dense shell surrounding a lighter
thermonuclear fuel core, is imploded under the action of an
intense irradiation. Such an implosion roughly proceeds in
three stages. During the ‘early shell-irradiation’ stage, an
ablative heat wave penetrates the outer part of the dense shell
until the fore-running shock wave interacts with the shell–fuel
core interface. The subsequent ‘shell acceleration’ stage sees
the unablated part of the shell being inwardly accelerated
under the combined action of the diverging rarefaction wave
issued from this interaction and of the sustained shell ablation.
In a third ‘shell deceleration’ stage, the increasing pressure of
the repeatedly shocked fuel core gradually decelerates the
denser outer part of the pellet until the start of thermonuclear
reactions. This last stage is obviously prone, in a markedly
compressible and transient ﬂow, to RTI growth at the shell–
fuel interface with potential detrimental consequences to the
onset and propagation of thermonuclear fusion reactions.
Rayleigh–Taylor instabilities may also develop during the
second stage depending on the shell-interior material layout.
The hydrodynamic stability of the shell ablative heat-wave
ﬂow is also critical to the implosion dynamics and therefore to
the achievement of thermonuclear burn conditions. This
ablative ﬂow undergoes changes of regimes, from being
weakly accelerated and acoustically sensitive—early irradiation stage—to being strongly accelerated and stratiﬁed—shell
acceleration stage.
Accurately accounting for HEDP-ﬂow inherent characteristics, such as compressibility, mean ﬂow unsteadiness
and conﬁnement, has been the object of ongoing efforts by
the authors. The ﬂow conﬁgurations retained for the present
investigation are sufﬁciently simple to be computed with
dedicated high-accuracy numerical methods—i.e. self-adaptive multidomain Chebyshev–Fourier spectral methods—in
order to handle both temporal stiffness and small-scale
dynamics. They however both fully retain the compressible
character—in terms of stratiﬁcation and pressure waves—of
actual HEDP ﬂows, plus, for the AFI case, realistic mean-ﬂow
time dependence and structure. Regarding the AFI, this goal
has been pursued by using self-similar solutions of unsteady
ablative ﬂows [2] as background ﬂows for computing linear
perturbation responses of ICF-related conﬁgurations of laserirradiation asymmetries [3–7]. Such background ﬂows
describe the complete structure of an ablative heat-wave ﬂow:
the leading shock wave, downstream shocked-ﬂuid region,
ablation layer and entire expanding hot ﬂuid ﬂow up to the
ﬂuid external surface where the external heat source and
possibly non-zero pressure forces are applied (ﬁgure 1).
Irradiation asymmetries are addressed by considering external

Figure 1. Ablation ﬂow. Sketch of the deﬂagration wave in ICF.

From right to left, one distinguishes successively the shock wave, the
ablation front and the expansion wave.

time-dependent heat-ﬂux perturbations. Particularly suited to
the description of the early ablation of an ICF-pellet shell or
of some material sample in HEDP experiments, this approach
may also be exploited to investigate the AFI in other conﬁgurations such as those of strongly-accelerated ablation
fronts, of radiative ablation, or of initial material externalsurface defects. Results corresponding to these ongoing
investigations, reported in the following (section 2), stress the
importance of perturbation dynamics transience and reveal
ﬁnite-term stabilization of ablation fronts in the different
cases scrutinized. This ﬁnite-term stabilization is in particular
observed for an ablative RTI conﬁguration, i.e. a stronglyaccelerated ablation front, which would be predicted as being
asymptotically unstable by stability analyses based on the
classical method of normal modes for steady ablation. This
stabilization does not exclude short-term perturbation growth
as illustrated by some of the present results and calls for
further and more systematic investigations. With respect to
the RTI-induced turbulent mixing layer (section 3), the direct
numerical simulation (DNS) of a strongly-stratiﬁed Rayleigh–
Taylor unstable conﬁguration with moderate Reynolds
number values [8] is computed until it reaches a stable state
made of two stably stratiﬁed layers of pure light (at the top)
and heavy (at the bottom) ﬂuids matched with an unstratiﬁed
mixing layer. This conﬁguration allows us to account for a
ﬁrst feature of compressibility, namely an initial stratiﬁcation
of ﬂuid layers as encountered in many realistic cases. Results
point out a second feature of compressibility, i.e. an intense
acoustic wave production, although the ﬂow Mach number
remains small. The RT turbulent ﬂow is found to be analogous to a classical turbulent ﬂow [9], e.g. pressure, vorticity,
density and temperature gradient ﬂuctuations are strongly
non-gaussian. Intermittency is revealed by the exponential
wings of the vorticity PDF. Moreover anisotropies are
stronger at small scales than at intermediate scales.
By accounting for physical features of actual HEDP
ﬂows (compressibility and unsteadiness) and by providing
high-ﬁdelity data (highly-resolved temporal and spectral
perturbation responses, reliable PDFs and acoustic effect
rendering) in such settings, the present results bring a more
realistic picture of RT-like instability phenomena. We thus
obtain an improved understanding of mean-ﬂow unsteadiness
effects on ablation-ﬂow perturbation dynamics and a better
2
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Figure 2. Ablation ﬂow. Density proﬁles, in the x-coordinate and at successive instants in time, obtained from (a) a numerical simulation of a

0.1 mm thickness CH2 planar foil illuminated with a typical ICF laser pulse and (b) the self-similar solution of a monatomic gas in the case of
the electron heat-conduction model of Spitzer–Härm (m = 0 , n = 5 2 ), for dimensionless boundary-condition parameter values Bp = 0.03
and Bj = 0.26 . Note the common features shared by the two sets of proﬁles: levels of density almost constant in time and spatial stretching as
time increases.

system of equations governing the ﬂow linear perturbations
leads to an initial- and boundary-value problem (IBVP) which
a priori needs to be treated in its full complexity.

description of RTI-induced turbulence. In that respect, the
present contribution answers some of the goals of the ‘Turbulent Mixing and Beyond Workshop’ (TMBW-14) [10].

2.1. Self-similar mean flow

2. Instability of unsteady ablation ﬂows

The hydrodynamic equations for the one-dimensional compressible motion of an inviscid ﬂuid with nonlinear heat
conduction, written in terms of the Lagrangian variable m
with dm = r̄ dx , come as

Most of the research on the AFI has focused on its strong
acceleration regime as it is predicted to be responsible for the
major perturbation growth during an ICF pellet implosion.
Historically, this AFI regime was ﬁrst treated as being the RTI
between a hot and light expanding ﬂuid accelerating a colder
and denser one separated by a permeable interface, the
ablation front. Consequently termed ‘ablative RTI’, this AFI
was investigated in numerous theoretical works under the
assumption of a steady quasi-incompressible ablation ﬂow in
an unbounded ﬂuid domain subject to a constant and uniform
external acceleration ﬁeld (cf. [11] for a recent review).
Equivalent studies devoted to the weak acceleration regime—
in relation with the ICF pellet early irradiation stage where
mean ﬂow unsteadiness, conﬁnement and compressibility
have turned out to be inﬂuential [12]—have been far less
numerous.
The early ablation ﬂow of a cold material, initially at rest,
under the action of an external heat source presents the
structure of a nonlinear wave made of three components (see
ﬁgure 1): a leading isothermal shock wave bringing the
material to high density and pressure, a subsonic heat-wave
front—the ablation front—and an expansion wave of the hot
and low density ablated material which extends up to the
material external surface. This deﬂagration wave structure is
perfectly reproduced (see ﬁgure 2) by density-invariant selfsimilar solutions of the Euler equations with nonlinear heat
conduction. This sub-family of self-similar solutions has
allowed us to investigate the AFI in a simpliﬁed, yet realistic,
setting representative of the early irradiation of ICF pellets
[4,5,7]. Analysis of conﬁgurations relevant to ‘laser
imprinting’ [4, 5, 7] has thus pointed out dominant effects of
the mean ﬂow stretching and unsteadiness at long to moderate
perturbation wavelengths with identiﬁed speciﬁc perturbation
dynamics [5, 7]. Since these solutions are time-dependent, the

¶t (1 r¯ ) - ¶m v¯x = 0,
¶t v¯x + ¶m p¯ = 0,
¶t (v¯x2 / 2 + ¯ ) + ¶m ( p¯ v¯x + j¯ x ) = 0,

(1 )

with the heat-ﬂux expression j¯x = -c¯ r¯ 1 - m T¯ n ¶m T¯ , for
m  0 , n  1, and the polytropic gas EOS p = R r T , where
symbols have their usual meanings, while f¯ denotes a
function of the variables (m, t ). Initial and boundary
conditions correspond to those of a semi-inﬁnite ﬂuid slab,
initially cold and at rest, in effect
r¯ (m , 0) = r i > 0, v¯x (m , 0) = 0,
T¯ (m , 0) = 0, for m  0,

(2 )

and subject to time-increasing external heat ﬂux and pressure
of the form
p¯ (0, t ) = p (t
*
j¯ x (0, t ) = j (t
*

t*)2 (a - 1) ,
t*)3 (a - 1) ,

for

t  0,

(3 )

with a = (2 n - 1) (2 n - 2), and where p , j and t* are
* *
characteristic pressure, heat ﬂux and time values. With such
initial and boundary conditions, system (1) admits a selfsimilar formulation. Choosing a dimensionless formulation of
this system based on the physical governing parameters γ, R,
χ, ri, p*, j , t*, and considering particular solutions of the
*
form f¯ (m, t ) = t d F¯ (x ), with x = m t -a , where now m, t, f¯
stand for dimensionless variables, the resulting dimensionless
PDEs are recast under the form of a system of ODEs
dY
=  (Y , x ) ,
dx
3

(4 )
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where Y denotes the vector of self-similar variables Ḡ , V̄ , Q̄ ,
F̄ satisfying the relations
r¯ (m , t ) = G¯ (x ) , v¯x (m , t ) = t a - 1V¯ (x ) ,
¯ (x ) , j¯ x (m , t ) = t 3 (a - 1) F
¯ (x ) ,
T¯ (m , t ) = t 2 (a - 1) Q

by the non-isothermal Rankine–Hugoniot conditions for
linear perturbations [7]. System (8), being incompletely
parabolic, is handled via an operator decomposition between
a reduced hyperbolic system [16] and a parabolic scalar
equation, along with a proper formulation of boundary
conditions for each subsystem. Numerical approximation in
the variable ξ is performed with the adaptive spectral method
used for the mean ﬂow while time marching is carried out
with a three-step implicit-explicit Runge–Kutta scheme.
Investigating the hydrodynamic stability of a given perturbed ﬂow conﬁguration requires then to compute the
Fourier-component temporal responses—upon solving the
corresponding IBVPs obtained after (8)—for a sample of the
transverse-wavenumber spectrum and over time intervals
deﬁned in relation with the time-varying characteristic lengths
of the mean ﬂow. However, under certain conditions, system
(8) admits a self-similar formulation under which the perturbation reduced Fourier components solely depend on the
variables ξ and on the reduced transverse wavenumber
^ º t a k^: see [7] for details. This reduction of the perturbation dependent variables may be exploited, provided that
the perturbation computation conﬁguration meets the required
conditions, to construct the reduced Fourier-component
response over a ﬁnite range of the reduced wavenumber
spectrum, on the basis of a single Fourier-component temporal response for some k^ ¹ 0 completed by the response at
k^ = 0 [7]. Reduced perturbation ampliﬁcation spectra have
thus been obtained for two conﬁgurations of laser-irradiation
asymmetries—laser imprinting—relevant to the direct-drive
scheme of ICF [7]. This investigation has been pursued by
studying other conﬁgurations whether of irradiation asymmetries, of initial surface defects, or for radiative conduction
(case of the indirect-drive scheme of ICF). The corresponding
results share some common trends that put forth the transience of linear perturbation evolution regimes in unsteady
ablation ﬂows.

(5 )

see [6] or [7]. Initial and boundary conditions (2), (3) become
then
G¯ = 1,

V¯ = 0,

¯ = Bp,
P¯ = G¯ Q

¯ = 0,
Q

for x  ¥ ,

(6 )

¯ = Bj ,
F

for x = 0,

(7 )

Bp and Bj being dimensionless numbers based on p* and j .
*
For sufﬁciently low values of the irradiation ﬂux, the
heated ﬂuid region may be considered to be bounded by a
non-isothermal shock-wave discontinuity [2]. With this
approximation, the boundary conditions (6) are replaced by
the non-isothermal Rankine–Hugoniot jump relations [6] at
some shock-front location, say xs . Under this non-isothermal
bounding shock-wave approximation, numerous solutions to
system (4) have been obtained for wide ranges of values of
the coefﬁcients Bp and Bj , and for both electron [3, 6, 13] and
radiative [14] heat-conduction models: cf. ﬁgure 2(b) for an
electron heat conduction example. The numerical solutions
are obtained through a relaxation process within a Chebyshev
spectral method from an initial guess obtained as described in
[14]. The self-adaptive spectral grid is made of non-overlapping subdomains and a coordinate transform is deﬁned in
each subdomain. Both the location of the numerical interfaces
and the parameters of the mappings are dynamically adapted
by minimizing some error of a linear combination of the
calculated solution [14, 15].
2.2. Linear perturbations

The equations for the 3D linear perturbations of these selfsimilar mean ﬂows are written using an Eulerian description,
in the coordinate system (m, y, z, t ). This system of PDEs in
physical space is replaced by a 1D system in the yz-Fourier
space which, once written in term of the self-similar variable
ξ, becomes

2.3. Linear stability properties

The present discussion of the AFI for unsteady ﬂows focuses
on two particular mean-ﬂow conﬁgurations (table 1) that are
representative of the self-similar solutions that have been
actually studied and of the linear stability properties that have
been observed. These mean ﬂows ﬁrst differ by their heatconduction model: electron heat conduction (EC) for one and
radiative conduction (RC) for the other. They also differ with
respect to their relative characteristic lengths, their ablation
Mach and Froude numbers, as well as their Mach-number
overall maximum: see table 1.

 )m + t -1 G¯ d x V¯ G
 + t -a G¯ ¶x (G¯ Vx ) + G¯ D
^ = 0,
(d t G
d x P¯ 
(dt Vx )m + t -1 G¯ d x V¯ Vx - t a - 2
G + t -a ¶x P = 0,
G¯

^ )m - k^2 P = 0,
(d t D
G¯

(dt P )m + g t 1 G¯ d x V¯ P + t a - 2 G¯ (gP¯ ¶x . + d x P¯ ) Vx

^ + (g - 1) t 2a - 1k^2 G¯ -m Q
¯n Q
+ g t 2a - 2 P¯ D
x = 0,
+ (g - 1) t -aG¯ ¶x F
(8 )

2.3.1. Perturbation computation methodology. Calculations


 , Vx Dˆ^ = 

where G
^ · V^ and P are the perturbation yzFourier
components
of
transverse
wavenumber
2
2
1
k^ = k y + kz , and (dt . )m = (¶t . - a x t ¶x .). Boundary
conditions are provided at the ﬂuid external surface Γ by
arbitrary time-dependent density (alternatively, pressure) and
incident heat-ﬂux perturbations, and at the leading shock front

of perturbation temporal responses are carried out taking into
account the mean-ﬂow stretching and its main characteristic
lengths—namely the conduction-region length ℓcond (t )
the
shocked-region
length
ℓcomp (t )
= t a L cond ,
= t a (L tot - L cond ), and the ablation-front characteristic
length ℓabl (t ) = t a L abl . The time ranges [tini, tend ], tini > 0 ,
covered by the computations are thus chosen so that: (a) the
4

Phys. Scr. 91 (2016) 074005

J M Clarisse et al

Table 1. Ablation ﬂow instability. Mean-ﬂow conﬁguration
characteristics: nonlinear heat-conduction density and temperature
exponents μ and n; resulting similarity exponents a; boundary heatﬂux and pressure dimensionless parameters Bj and Bp ; reduced
geometric lengths of the complete disturbed-ﬂuid region, L tot , and of
the conduction region, L cond; ablation-front reduced characteristic
length, L abl , here given by the minimum of the temperature-gradient
length. The ablation fronts are further characterized by the ablationﬂow Mach number values, Mabl , and the local values of the Froude
and Péclet numbers, Frabl and Peabl —computed in terms of the
ablation-front characteristic length L abl , of the ablation velocity and
of the ablation-front acceleration. The ﬂow overall maximum of the
Mach number measured in the ablation-front reference frame is also
included.

Conﬁguration

EC-3

RC-1

(m, n ) = (0, 5 2)

(m, n ) = (2, 13 2)

α

4/3

12/11

Bj
Bp

8.524 10-4
2.743 10-2

3.329
1.148

L tot
L cond
L abl
L abl L tot

3.5 10-2
9.1 10-3
1.9 10-4
5.4 10-3

1.26
1.15
4.6 10-3
3.6 10-3

Mabl
Frabl

2.2 10-2
0.70

0.32
12.2

Peabl

3.36

9.13

max M

0.14

0.81

Conduction model

perturbation self-similarity in order to take full advantage of
this particular regime (table 4). However recovering a selfsimilar regime of computed perturbations over a time range
compatible with the aforementioned requirements bearing on
tini and tend , further decreases the computation initial time tini .
Indeed, for IA conﬁgurations, perturbation self-similarity only
establishes itself after the initial perturbation transients
resulting from the seeding of perturbations by the external
boundary heat ﬂux in an otherwise unperturbed ﬂow (table 4),
become negligible. For SD conﬁgurations, the value of tini
must be sufﬁciently small for the initial conditions of table 4
to be an accurate enough perturbation approximation of a
deformed thin-sheet ﬂow (cf. [17]). These different
constraints when applied to the mean ﬂows of table 1, lead,
for example, to the perturbation computation conditions listed
in table 3.

Temporal responses. Temporal responses of
perturbation Fourier components obtained for IA and SD
conﬁgurations, for the initial and boundary conditions of
table 4 and computation conditions of table 3, are illustrated
in ﬁgures 3(a)–5(a) by distortion evolutions ∣Xˆ (t )∣ of the ﬂow
boundaries (external surface Γ and leading shock-wave front)
and of the ablation front.
In the irradiation asymmetry cases, the distortions
obtained for k^ = 0 (ﬁgures 3(a) and 4(a)) represent the
linear approximation of the departures between the two selfsimilar solutions of boundary condition parameters (Bp , 2 Bj )
and (Bp , Bj ). Consequently, these distortions, past the initial
perturbation transients, grow algebraically like t a as a result
of the mean ﬂow stretching. Distortions for k^ ¹ 0 , provided
that tini be sufﬁciently small, follow initially the same
algebraic growth (AG) phase and then evolve differently
depending on the boundary surface location and on the mean
ﬂow characteristics. The radiative conduction ﬂow
(ﬁgure 4(a)) displays the succession of oscillatory (O) and
damped oscillatory (DO) phases of the ablation-front
distortion that was already observed for the electronconduction conﬁgurations of [5, 7]. The distortion dynamics
of course differ in the details, given the differences in the
ﬂow-region relative characteristic lengths, but agree in the
sequence, AG-O-DO, of perturbation-evolution phases and in
the fact that the ablation-front distortion never outgrows the
algebraic growth of the response at k^ = 0 . These ﬂows—the
present conﬁguration RC-1 and those of [5, 7]—share the
common feature of having convection-dominated—
i.e. weakly-accelerated—ablation fronts: Frabl > 1. The ablation-front distortion dynamics of conﬁguration EC-3.IA
(ﬁgure 3(a)), differ signiﬁcantly for k^ ¹ 0 in that it
undergoes an enhanced growth (EG) phase after the initial
AG phase, followed by a phase of decay (D) and ultimately of
damped oscillations. This sequence, AG-EG-D-DO, of
perturbation evolution phases, also found in another conﬁguration of electron-conduction ablation [18], is to be linked to
the acceleration-dominant character of the ablation front
(Frabl < 1, in both instances) and therefore to the observation
of ablative RTI for unsteady ﬂows of a speciﬁc type (i.e. self2.3.2.

Table 2. Ablation ﬂow instability. Remarkable values of the
perturbation transverse wavelength l^ and corresponding values of
the dimensionless time t and of the conduction-region relative
thickness k^ ℓcond (t ) for the mean ﬂows of table 1 in the case
where k^ = 1.

Conﬁguration

EC-3

RC-1

t

k^ ℓcond (t )

t

k^ ℓcond (t )

l^ = ℓcond (t )

135

2p

4.7

2p

l^ = ℓcomp (t )
l^ = ℓabl (t )

61
2451

2.2
301

41
753

66
1579

disturbed-ﬂuid region is initially much thinner than the
a
perturbation wavelength—i.e. ℓtot (tini ) = tini
L tot  l^—and
(b) the ablation-front characteristic length ℓabl (t ) gets as close
as possible to this wavelength by the end of the computation
—i.e. ℓabl (tend )  l^. This last goal, given the rather large
stiffnesses of the ﬂows (L abl L tot  5 10-3), is hardly ever
met in practice due to the high spatial resolution and large
computation cost it implies: see tables 2 and 3. Initial and
boundary conditions for perturbation conﬁgurations of
irradiation asymmetry (IA) and initial surface defects (SD)
are deﬁned in compliance with the necessary conditions for
5

Phys. Scr. 91 (2016) 074005

J M Clarisse et al

Table 3. Ablation ﬂow instability. Perturbation computation conditions for the mean ﬂows of table 1: chosen perturbation wavenumbers k^,
spatial approximation gross features (Ndom , number of subdomains and NCheb , number of Chebyshev polynomials per subdomain),
dimensionless-time interval [tini, tend ] and corresponding number of time steps NDt .

Conﬁguration
EC-3
RC-1

k^

Ndom ´ NCheb

[tini, tend ]

NDt

0&1
0&1

31 × 50
27 × 50

[10-3, 2200]
[10-7, 90]

28.65 10 6
52.62 10 6

Table 4. Ablation ﬂow instability. Perturbation conﬁguration initial and boundary conditions of the mean ﬂows of table 1 for irradiation

asymmetry (IA) and initial surface defect (SD). Boundary conditions at the ﬂuid external surface Γ for the IA cases describe unit relative
incident-ﬂux asymmetries at an iso-density (at a free) surface for the EC (respectively, RC) conﬁguration relevant to laser (respectively,
X-ray) irradiation of ICF direct-drive (respectively, indirect-drive) scheme. Both types of boundary conditions lead to the particular
perturbation self-similar regime studied in [7]. Initial conditions for the SD case that have been derived along the lines given in [17] by
considering a unit deformation of a thin-sheet ﬂow in the large transverse wavelength limit, determine a different self-similar regime.
Conﬁguration

EC-3.IA

 (x , tini; k^)
G

Vx (x , tini; k^)
^ (x , tini; k^)
D

Q (x , tini; k^)

0
0
0
0

 G (t; k^)
G
G
P (t; k^)
G
 x (t; k^)
F

0
—

EC-3.SD
-a ¯
-tini
G d x G¯
-1 ¯
-tini G d x V¯
a-1 2 ¯ tini k^ V ∣x s (x xs )1 - 1
a-2 ¯
¯
-tini
G dx Q

0
—
0

t 3 (a - 1) Bj

RC-1.IA

a

0
0
0
0
—
0
t 3 (a - 1) Bj

k^ = 0 , that these phases reveal. An electron-conduction
conﬁguration with a convection-dominated ablation front
(conﬁguration II of [7], not shown) does conﬁrm this
observation.
The study of these linear perturbation temporal responses
obtained for different AFI-ﬂow conﬁgurations put forth the
limited duration of the different evolution phases of
perturbations with ﬁnite wavelengths. In the context of a
mean ﬂow with ﬁnite lifetime and/or which undergoes
changes of regimes as it is the case for ICF pellet implosions
or HEDP experiments, this transient nature of the perturbation
evolution phases is an essential feature of the ﬂow stability
properties. Self-similar ablation ﬂows furnish a particular
framework for exhibiting in a striking manner this feature
which is expected to be also present in less speciﬁc instances
of unsteady ablation.

similar). Shock-front dynamics are consistently characterized
by a sequence AG-DO of perturbation-evolution phases with
a more (ﬁgure 4(a)) or less (ﬁgure 3(a)) pronounced coupling
to the ablation front evolution. (Note that the very low
residual constant level ultimately reached by the shock-front
distortion in ﬁgure 3(a) is a consequence of an insufﬁcient
spatial resolution of the conﬁguration EC-3 computations at
large times.) The external surface distortions also show in all
cases the initial AG phase but differ subsequently by
undergoing either, for the electron-conduction conﬁguration,
enhanced growth for a short period followed by slowly
ampliﬁed oscillations (ﬁgure 3(a)) or, in the radiative
conduction case, enhanced oscillatory growth (ﬁgure 4(a)).
The initial conditions of the initial-surface defect
conﬁguration for k^ = 0 (table 4) simply describe the
translation, of unit amplitude, of the mean ﬂow. Consequently, the distortion temporal responses of the different
ﬂow surfaces for k^ = 0 are constant in time (ﬁgure 5(a)). For
k^ ¹ 0 and for small enough values of tini , distortions initially
stagnate (S) and then, as time increases, evolve away from
this behaviour. The ablation-front distortion for conﬁguration
EC-3.SD thus undergoes subsequent phases of growth (G), of
decay, and then of damped oscillations. This sequence, S-GD-DO, of evolution phases, apart from the initial stagnation
phase, resembles that observed for the irradiation asymmetry
case EC-3.IA. Similar remarks can be made for the externalsurface and shock-front distortions: compare ﬁgures 3(a) and
5(a). It thus appears that the essential difference in temporal
responses between the present irradiation-asymmetry and
initial surface-defect conﬁgurations lies in the initial evolution
phases—algebraic growth versus stagnation—and in the
background distortion evolution, provided by the responses at

2.3.3. Reduced amplification spectra. By exploiting the

reductions of perturbation variables allowed by the
conﬁgurations of table 4, reduced perturbation ampliﬁcation
spectra are obtained from perturbation temporal responses. In
the case of the irradiation-asymmetry conﬁguration, the
corresponding perturbation-variable reduction (see [7])
leads, for the ﬂow distortion, to reduced ampliﬁcation
spectra in terms of the relative distortion, k^ Xˆ —in other
words, this relative distortion is a function of the sole reduced
wavenumber ^. These reduced spectra entirely determine the
distortion spectral (temporal) responses at any given time
(respectively, wavenumber): see [7] for details. Accordingly,
the temporal responses computed for k^ = 1 that are
displayed in ﬁgures 3(a) and 4(a) yield the reduced spectra
of ﬁgures 3(b) and 4(b). These spectra, displayed here in
6
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Figure 4. Ablation ﬂow instability. Conﬁguration RC-1.IA—

Figure 3. Ablation ﬂow instability. Conﬁguration EC-3.IA—

 ∣ of the external surface (es),
irradiation asymmetry. Distortions ∣X
ablation front (af) and shock-wave front (sf). (a) Temporal responses
 ∣ for perturbation wavenumbers k^ = 0
of the absolute distortion ∣X
and k^ = 1, and (b) resulting reduced ampliﬁcation spectra of the
 ∣ as functions of the conduction-region
relative distortion k^∣X
relative thickness k^ ℓcond (º^L cond ).

 ∣ of the external surface (es),
irradiation asymmetry. Distortions ∣X
ablation front (af) and shock-wave front (sf). (a) Temporal responses
 ∣ for perturbation wavenumbers k^ = 0
of the absolute distortion ∣X
and k^ = 1, and (b) resulting reduced ampliﬁcation spectra of the
 ∣ as functions of the conduction-region
relative distortion k^∣X
relative thickness k^ ℓcond (º^L cond ).

terms of the conduction-region relative thickness
k^ ℓcond (º^L cond ), cover signiﬁcant portions of the
perturbation wavelength ranges deﬁned by the two meanﬂow characteristic length extrema t aL abl and t aL tot , and thus
give a rather extensive view of the ﬂow spectral responses.
For the initial-surface defect conﬁguration, the associated
perturbation-variable reduction gives, in terms of ﬂow
distortion, reduced ampliﬁcation spectra of the absolute
distortion X̂ —i.e. X̂ is now a function of the sole reduced
wavenumber ^—whence the data in ﬁgure 5(b) deduced
from the temporal responses for k^ = 1 of ﬁgure 5(a).
In both cases, these reduced spectra deﬁne spectral bands
in the reduced wavenumber ^ corresponding to each of the
evolution phases that have been identiﬁed when analyzing the
perturbation temporal responses. To these ^-bands correspond bands of the k^-space which, by deﬁnition of the

reduced wavenumber, undergo red-shifting—by a factor of
t -a —as time increases. The resulting partitions of the
perturbation k^-spectra thus evolve with time under the
mean-ﬂow stretching. Hence the transient nature of the
perturbation evolution phases is also patent in the perturbation
ampliﬁcation spectra. In each of the presently studied
conﬁgurations, this transience induces ﬁnite-time damping
of any ﬁnite-wavelength perturbation of the ablation front.
Consequently, these ablation fronts appear to be stabilized at
ﬁnite times for the two perturbation self-similar regimes that
have been considered here. This ﬁnite-term stabilization is in
particular observed for an ablative RTI conﬁguration
(i.e. conﬁguration EC-3) which, according to known results
of normal-mode stability analyses of steady ablation, would
be ﬁled as being asymptotically unstable. Nevertheless ﬁnite-
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3.1. The physical model for compressible Newtonian miscible
fluids

The motion takes place in a three-dimensional closed rectangular domain W = L x ´ L y ´ Lz (Lz º hH - hL , where
∣ hH ∣ and ∣ hL ∣ are the heights of the heavy and light ﬂuid layers,
respectively). The heavy and light ﬂuids are initially located
in the upper and lower side of the domain such that
0  z  hH and hL  z  0 . The complete dimensionless
Navier–Stokes equations for a binary mixing of compressible
Newtonian miscible ﬂuids write
¶t r + ¶j (r uj ) = 0,
r (¶t ui + uj ¶j ui ) = - Sr-1 ¶i p + Re-1 ¶j sij - r di 3,
r Cv; m (¶t T + uj ¶j T ) =
+ (gr - 1)[SrRe-1 sij Dij - p ¶j uj ]
- (ReSc)-1 [T d c Cv; m ¶jj c - (Cp H - Cp L ) ¶i [T ¶i c]]
+ (RePr)-1 gr ¶jj T ,
r (¶t c + uj ¶j c) = (ReSc)-1 ¶jj c ,
with

p = r T (1 + At - 2 At c) ,
(9 )

where ui, (i = 1, 2, 3), are the three components of the
velocity. The stress tensor sij = (¶j ui + ¶i uj - 2 3 dij ¶ℓ u ℓ ) is
deﬁned
within
the
Stokes
approximation
and
Dij = 1 2 (¶j ui + ¶i uj ) is the rate-of-deformation tensor.
The derivative with respect to the concentration is denoted
dc. The following units have been used: Ly (the width of the
box) for length, (L y g)1 2 for time where g is the external
acceleration, the half-sum of the densities on each side of the
pseudo-interface, denoted rr , for the mass and a uniform
temperature
T.
The
stratiﬁcation
parameter
is
Sr = g L y ( T r ) with 2 r = 1 H + 1 L ,
where H and L are the molar weights of the two ﬂuids.
The expression of the Reynolds, Schmidt and Prandtl
numbers are Re = rr g1 2 L y3 2 m , Sc = m r D and
Pr = m g Cv, ref k , where Cv, ref = Cv; m (cref ) is the reference
value. The symbols μ, D and κ stand for the coefﬁcient of
viscosity, diffusion of species and thermal conductivity,
respectively. The mixing model is described in the appendix.

Figure 5. Ablation ﬂow instability. Conﬁguration EC-3.SD—initial

 ∣ of the external surface (es), ablation
surface defect. Distortions ∣X
 ∣ (a)
front (af) and shock-wave front (sf). Absolute distortion ∣X
temporal responses for perturbation wavenumbers k^ = 0 and
k^ = 1, and (b) resulting reduced ampliﬁcation spectra as functions
of the conduction-region relative thickness k^ ℓcond (º^L cond ).

term stabilization does not preclude short-term perturbation
ampliﬁcation as it is illustrated by the present examples.

3.2. The features of the computational method

3. Compressible Rayleigh–Taylor turbulent mixing
layers

The numerical method implemented in the code AMÉNOPHIS
has already been detailed in several articles [15, 20–23]. We
recall here the key features. The physical quantities are
expanded in Fourier series along the horizontal directions and
on Chebyshev polynomials along the z-inhomogeneous
direction. The non-overlapping domain decomposition mentioned above is used in the z-direction and a coordinate
transform is deﬁned in each subdomain. The variables ui,
T and c are matched with the inﬂuence matrix method [24],
while the density is matched with an upwind method. Temporal discretization is performed with a semi-implicit threestep second-order Runge–Kutta scheme in a low storage
formulation [25]. Because of the domain decomposition,
diffusive terms are handled through a splitting [22]. A

The chosen conﬁguration of a compressible RTI induced
turbulent mixing layer consists in an initially unstable stack of
two stably stratiﬁed ﬂuid layers. The heavy ﬂuid lies on the
top and these two Newtonian ﬂuids are miscible. The ﬂow
evolves toward a stable state made of two stably stratiﬁed
layers of pure heavy and light ﬂuids matched with an
unstratiﬁed mixing layer. In such a ﬂow, velocity ultimately
vanishes, except for small oscillations due to possible acoustic
waves and to diffusion. In the following, we deepen the data
analysis, started in [8], of a compressible direct numerical
simulation (DNS) carried out with a spectral method [19].
8
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Table 5. RT-mixing layer. Characteristics of the numerical simulation: the Atwood number, the stratiﬁcation, the Reynolds number, the
speeds of sound in the heavy (H) and light (L) ﬂuids, the density gradient length scales and the ratios of the densities and pressures between
the top and the bottom of the domain and the spatial resolution.

At

Sr

Re

cs, H , L

Lr H

Lr L

rb rt

pb pt

Nz ´ Nx2

0.25

6

3 104

.24/.187

.208

.125

361

608

6 × 64 × 3842

Figure 6. RT-mixing layer. Hydrostatic equilibrium state: density (left) and pressure (right) proﬁles for two values of the stratiﬁcation

parameter Sr=2 and 6, for an Atwood number At=0.25. The density jump is located at z = 0. The numerical simulation analyzed in this
paper corresponds to Sr=6.

consequence of this splitting is to lower the scheme order
from two [16] (three for the explicit terms) to one. The time
step is controlled by a 3D criterion similar to the one used in
[21] where coefﬁcients have been calibrated for this Runge–
Kutta scheme.

cut-off wavenumber beyond which modes are stable is
kc » 330 [26]. The simulation is initialized with a multimode
solenoidal velocity ﬁeld, made of sin and cos functions with
random amplitudes. The wavenumbers ∣ k ∣ = kx2 + k y2 are
such that 150.8  ∣ k ∣  182.2 (or .3410-1  l  .42 10-1).
A ﬁrst data analysis has been previously reported in [8]
and we brieﬂy recall here the chronology of the phenomenon.
First, the nonlinear RT regime starts at t » 0.505. The baroclinic source term reaches its maximum very early (t » 1.71)
and the RT-regime ends around t » 1.83. At t » 1.91, the
effective Atwood number, determined from the mean density
proﬁle, vanishes. The Brunt–Väisälä frequency becomes
negative, indicating a stable ﬂow, between times t » 1.91 and
2.02. These instants are slightly larger than the end of the
strict RT-regime deﬁned above (t » 1.83). From that point,
this is the beginning of the freely decaying (FD) regime where
the integral mean vorticity reaches a maximum at t » 2.48.
The horizontal Taylor-based Reynolds number Relx reaches
its maximum at t » 5.31 while the vertical Reynolds number
Relz reaches its maximum at t » 4.69. At t » 12.7 turbulence
is extinguished. These DNS data have been previously the
object of an analysis and a comparison with 2D simulations
[8]. Here we give more details about the turbulence and the
mixing. We ﬁrst note that although the various Mach numbers
of the ﬂow are fairly small, a strong acoustic production is
observed. We also detail the thickening of the mixing layer. A
statistical study allows us to understand the small-scale
structure of turbulence and mixing and to highlight the
intermittency. Mixing anisotropy is also studied.

3.3. Computation definition

The characteristics of the simulation under study is summarized in table 5, where the indices t and b stand for top and
bottom, respectively. The Schmidt and Prandtl numbers are
equal to 0.71 and the ratios of speciﬁc heats are
gH = gL = 5 3. The density gradient length scales are
denoted L r H , L = ∣ d ln rH , L dz ∣-1 = (1  At) Sr . The initial
one-dimensional equilibrium state (r , ui º 0 , T , c and p ) is
found by assuming hydrostatic equilibrium in both the heavy
and light ﬂuids with a uniform temperature T . Using (9), it
comes Sr-1 dz pH , L + rH , L = 0 . This density proﬁle is regularized with the two functions H (z ) = (1  erf (z d )) 2
where δ is the thickness of the pseudo-interface. It comes
r (z) = (1 + At) exp ( - L r-H1z) H+ (z)
+ (1 - At) exp ( - L r-L 1z) H- (z) .

(10)

The density and pressure proﬁles are given in ﬁgure 6 for two
values of the stratiﬁcation parameter Sr=2 and 6 (only the
latter is used in this paper), for an Atwood number At=0.25.
The dispersion curve obtained from the linear stability
analysis shows that the most dangerous mode occurs at the
wavenumber k » 122 for a growth rate s = 3.23, while the
9
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Figure 7. RT-mixing layer. Thickness of the bubbles (hH) and spikes (hL) versus time, in linear (left) and log-log (right) scales. The total
thickness is computed from h (t ) = 3 ác (1 - c ) ñ. The dashed black line stands for the t2-scaling.

t2-temporal scaling actually holds in the limit case of perfect
incompressible ﬂuids, i.e., for unstratiﬁed ﬂuids at an inﬁnite
Reynolds number, in an inﬁnite geometry where only the
acceleration g is taken into account. This is not the case here
where stratiﬁcation introduces two additional length scales,
L rH , L and compressibility introduces an additional time scale
given by the velocity divergence. Indeed, one

has divu = -ṙ r .
The Taylor-based Reynolds numbers are deﬁned as

3.4. Mean quantity evolution

The averaging procedure. The turbulent mixing layer is
homogeneous in the two horizontal directions. For the data
analysis in the turbulent regime, we will use either the Reynolds or the Favre averaging procedure. In both cases, the
ensemble averaging of a variable j is computed from a spatial
average as
j (x , y , z , t ) = j (z , t ) + j ¢ (x , y , z , t ) ,

(11)

ReTx, z = Re álx, z

where j (z, t ) = (L x L y )-1 ò j (x, y, z, t ) dx dy . The volume
average is deﬁned as áj (z, t ) ñ = Lz-1 ò j (z, t ) dz , to obtain
global time-dependent quantities. We will also use the vertical
average over a fraction of the mixing layer deﬁned as
ájñb (t ) =

1
b h (t )

(12)

L

where β is such that 0 < b  1. The thickness mean values
of the bubbles (hH), the spikes (hL) and the total thickness are
shown in ﬁgure 7. They have been computed from
0

hL (t ) = 3 ò c (1 - c ) dz
zb
and

zt

hH (t ) = 3 ò c (1 - c ) dz ,
0

(14)

where the Taylor-length scales lx are deﬁned as
l2x = ux 2 (¶ux ¶z )2 and l2z = uz 2 (¶uz ¶z )2 . The
Favre-averaged turbulent kinetic energy is k˜ = r ui ui r˜ .
Their evolution are given in ﬁgure 8 (left) where the Atwood
number evolution is also plotted. The horizontal Reynolds
number exhibits a late maximum Relx = 26.9 at t » 5.31 with
a smaller bump later, related to acoustic waves. The vertical
Reynolds number exhibits two maxima, the ﬁrst at the time
where the Atwood number vanishes and the second
(Relz = 56.0 ) at t » 4.69. This Reynolds number decays
following the same chronology as the turbulent kinetic energy
(see ﬁgure 10). The same ﬁgure 8 (right) displays the
evolution of the turbulent Mach number, Mt , and the mean
Mach number, Mm , computed as
∣u ∣
∣u ∣
2 k
=
Mt =
and Mm =
. (15)
gp r
gp r
gp r

b hH (t )

ò-b h (t ) j (z, t ) dz,

2 k˜ ñ ,

(13)

with h (t ) = hH + hL = 3 ác (1 - c ) ñ [27]. Different thickness values in the heavy and light ﬂuids are observed due to
the non-vanishing Atwood number value. Note that during
the transitional regime the spike thickness is slightly larger
than the bubble thickness. After the maximum of the vertical
Reynolds number, the mean value thickness of the bubbles
are larger. In the FD regime, hL, i.e., the mean value of the
spike thickness, saturates while hH still grows at a very small
rate. This is explained by the generation of turbulence by
acoustic waves [28], which is stronger in the heavy ﬂuid than
in the light ﬂuid. In the right part of ﬁgure 7, the three
thicknesses, hH, hL and h are plotted in log-log scales with the
t2-scaling. None of these thicknesses follows this scaling.
Besides there is no reason for such scaling to be valid. This

These Mach numbers are both averaged over the mixing layer
thickness (b = 0.99) and over the very interior of the layer
(b = 0.10 ). The four results are very close to each over. They
follow closely the behaviour of the turbulent kinetic energy,
with two maxima. Although the various Mach numbers are
very small, as already mentioned, the ﬂow exhibits two
compressible features. First the termination of the mixing
layer growth when the averaged Atwood number vanishes.
Second an intense acoustic production mainly localized in the
upper side of the domain. This can be seen in ﬁgure 9 where
10
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Figure 8. RT-mixing layer. Left: Vertical and horizontal Taylor based Reynolds numbers with the averaged Atwood number 50At At (0).
Right: Turbulent Mach number Mt (blue, b = 0.8; red dashed line b = 0.2 ) and the mean Mach number Mm (equation (15)) (green, b = 0.8;
black dashed line b = 0.2).

Although these acoustic waves perturb this FD regime, a ﬁt
gives the following results. For the time interval
one
gets
n=1.07,
while
for
5.53  t  7.92
5.53  t  8.97 one gets n=1.17. This value is in
agreement with classical values [29].
Figure 10 (right) displays the evolution of the vorticity
and the baroclinic source term, both in terms of norm and
components. The three-vorticity components reach their
maximum at around t » 2.48, at a later time than the maximum of the baroclinic production and than the zero of the
averaged Atwood number. The z-baroclinic component is not
zero although it is much smaller than the horizontal ones. We
note that this feature is speciﬁc to compressible ﬂows. Indeed,
in RT-Boussinesq turbulence, this z-baroclinic component is
exactly zero.
Figure 9. RT-mixing layer. 2D-map in the plane (t, z) of the averaged

3.5. Statistical study

the averaged vertical momentum r uz = r uz is displayed in
the 2D (t, z)-map. Figure 10 (left) shows the turbulent kinetic
energy, the dissipation rate and the production term uz¢ ¶z p .
The effective Atwood number computed from the (x, y)averaged density proﬁle is also plotted. The turbulent kinetic
energy exhibits two maxima, the ﬁrst one is associated with
the RT instability, the second one is associated with acoustic
production. During the RT regime kinetic energy follows
closely the production term, uz¢ ¶z p , while dissipation lags
behind. However, from the end of the RT regime, where the
averaged Atwood number vanishes, this production term and
the dissipation decay while the kinetic energy is still fed by
acoustic waves. Turbulent kinetic energy only decays after its
second maximum. Classically this turbulent kinetic energy
decay may be ﬁtted with a power law of the form t -n [29].

3.5.1. PDFs. To get some insight into the structure of the
ﬂow, several probability density functions (PDFs) have been
calculated and compared with the associated Gaussian
distribution with the same mean and variance. The PDF of
the ux¢-ﬂuctuation velocity component is very close to a
Gaussian distribution (not shown). The PDFs of the
uz¢-ﬂuctuation velocity component are displayed in ﬁgure 11
(left) with the Gaussian associated with the ﬁrst distribution
(blue). Four PDFs have been obtained by using the following
sets of data points: 0.40  c  0.60 , 0.20  c  0.80,
0.50  c  0.80 and 0.20  c  0.50 . These PDFs are all
strongly Gaussian, even those that are calculated on the lower
side or the upper side of the mixing layer. This classical result
was expected since there is no particular organization at the
large scales of a turbulent ﬂow. Figure 11 (right) shows the
PDFs of the velocity gradients ¶x ux¢, ¶z ux¢, ¶x uz¢ and ¶z uz¢. The
PDF of ¶x ux¢ is rather Gaussian, except for large negative
values, while the PDF of ¶z ux¢ is non-Gaussian and has
exponential wings. As it is well known, this behaviour is

vertical momentum r uz . This map reveals an acoustic wave system
stronger in the heavy ﬂuid (upper side), but slightly increasing in the
light ﬂuid (lower side).
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Figure 10. RT-mixing layer. Left: turbulent kinetic energy, dissipation rate, uz¢ ¶z p source term and the Atwood number At At (0) versus
time. Right: baroclinic source term and vorticity with their x, z-components and the Atwood number 10 At At (0), versus time. Averages are
computed with b = 0.8.

Figure 11. RT-mixing layer. Statistical study. Left: PDF of the vertical velocity component uz¢ for various intervals in the mixing layer. Right:
PDF of the velocity component derivative ¶i uj¢. The dashed black lines show the Gaussian distribution, associated with the blue distribution,
with the same mean and variance. Semilog coordinates are used.

related to intermittency. The PDF of ¶x uz¢ is close to
Gaussianity except for large values as opposed to the
behaviour of the gradient ¶z uz¢, which is non-Gaussian.
Moreover the most probable values of this gradient is shifted
to positive values and has an exponential wing in the negative
values. This analysis allows us to exhibit the intermittency of
this moderate Reynolds number ﬂow obtained through
a DNS.
Two pressure PDFs have been plotted in ﬁgure 12 (left)
at time, t » 4.69, corresponding to data located in the domain
[0 : 1; 0 : 1; z1 : z2], where z1 and z2 are deﬁned by
c (z1) = 0.4 and c (z2 ) = 0.6. Departures from Gaussianity
and asymmetry appear clearly on the left side, for negative
pressure values. The behaviour is there roughly exponential

and is consistent with earlier observations on various
turbulent ﬂows [[30], section 8], [31, 32].
The intermittent character of the vorticity structure in
homogeneous turbulence has been shown in [33–36] and
small-scale properties of a passive scalar have been studied in
[37, 38]. We show here that these results partially hold in this
weakly compressible mixing layer at moderate Reynolds
number. Figure 12 (right) shows the PDFs of the vorticity
components. The x-component follows roughly a Gaussian
behaviour while the z-vorticity PDF is clearly of exponential
type. Once again, this behaviour is characteristic of
intermittency. It has been demonstrated [37] that the
exponential part of the pressure PDF comes from intermittent
ﬂuctuations of vorticity. However turbulence is not developed
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Figure 12. RT-mixing layer. Statistical study. Left: PDF of the pressure ﬂuctuations p¢ at time t » 4.69 . The Gaussian distribution
corresponding to the blue distribution is plotted in dashed black lines. The right part, corresponding to high values, is very close to the
Gaussian. However departures from Gaussianity for the left part appear clearly. In this region, the PDF is close to an exponential. Right: PDF
of the horizontal and vertical vorticity components. The horizontal component is close to a Gaussian behaviour, except for very small
amplitude events. The PDF of the vertical component is clearly exponential.

Figure 13. RT-mixing layer. Left: Molecular mixing fraction áqñb = ác (1 - c ) c (1 - c ) ñb versus time, for two values of β, 0.2 (red dashed
line) and 0.8 (blue line). Right: the variance of the concentration ﬂuctuation, the mixing fraction and the averaged Atwood number, At At (0).
The variance is normalized by its maximum in time.

áqñb » 0.80 , is slightly larger than those observed in
incompressible ﬂuids [39, 40], thus showing a more efﬁcient
molecular mixing during the short RT regime in the present
case. Past this ﬁrst minimum, áqñb increases again up to »0.86
at time t » 3.45 and then slightly decreases down to »0.85.
During the FD regime, where turbulence still mixes the ﬂuids,
the mixing fraction grows continuously up to 0.97 at the end
of the simulation. This value is much larger than those
obtained in numerical simulations of incompressible or
weakly compressible ﬂuids. On this same ﬁgure 13 (right)
the variance of the concentration ﬂuctuation, the mixing
fraction and the averaged Atwood number have been
displayed. The RT regime, where the density jump is
smoothed by the instability (the Atwood number decreases)
is clearly seen at the beginning of the simulation. During the

enough to exhibit such behaviour on the three components as
in [39].
3.5.2. Mixing. The degree of molecular mixing is usually

estimated by a molecular mixing fraction function. We use the
following deﬁnition
áqñb =

c (1 - c )
c (1 - c )

.

(16)

b

The time evolution of this quantity is plotted in ﬁgure 13
(left), for two values of the coefﬁcient β. This mixing fraction
reaches a minimum at time t » 1.71 where the vertical
Reynolds number reaches a ﬁrst maximum and where
turbulence is already developed. However this value,
13
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Figure 14. RT-mixing layer. Anisotropy coefﬁcients, C¶z c¢ (left) and C ¶ 2z c¢ (right) of the concentration ﬂuctuation for two values of the

coefﬁcient β.

FD regime, the concentration-ﬂuctuation variance decays
while the mixing fraction grows. The rebound of the
concentration variance associated to acoustic waves is clearly
seen before t » 5.
Mixing anisotropy: Mixing anisotropy is an important
issue in RT turbulence since buoyancy is strongly anisotropic.
It has already been shown that intermediate scales are
isotropic while small scales are not [41, 42] at low and large
Atwood numbers within a low-Mach number model. Similar
conclusions have also been drawn from a recent work devoted
to the RT-Boussinesq turbulence [39]. We use the following
indicator for characterizing the mixing anisotropy [39, 40]
C ¶ (zd) c ¢ =

(¶(zd ) c¢)2
∣ (d ) c¢ ∣2

b

1
3

for

d = 1, 2.

nearly zero, meaning that, at this time, the intermediate scales
are isotropic. The value averaged over a larger fraction of the
mixing layer (b = 0.8) is still mildly negative. The small
scales are slightly less anisotropic in the transition to
turbulence stage. Moreover, from t » 3 and up to t » 10,
there is a persistant positive anisotropy at these scales. This
anisotropy is stronger in the middle of the mixing layer where
turbulence is stronger.
Anisotropy at small scales has been attributed to the
action of buoyancy at these scales [42]. In the present case,
small-scale anisotropy occurs during the FD regime, where
the ﬂow is stable according to the averaged Atwood number
or the sign of the Brunt–Väisälä frequency, both being
evaluated on mean proﬁle quantities. However such a global
characterization of a stable state does not rule out local
unstable conﬁgurations at small scales and therefore a
signiﬁcant contribution of buoyancy at these scales. In
addition, in this compressible case, acoustic waves may also
contribute to this anisotropy.
Figure 15 (left) displays the PDFs of the density
gradients ¶x r ¢ and ¶z r ¢, while the right part of this ﬁgure
displays the PDFs of the temperature gradients ¶x T ¢ and ¶z T ¢.
These PDFs have been obtained from the data points that are
such that 0.40  c  0.60 at time t » 4.69. The density and
temperature x-gradient PDFs are both symmetric and closer to
an exponential than to a Gaussian distribution, while the zgradient PDFs of these quantities are strongly asymmetric.
Moreover, the maxima of the density and temperature zgradients are slightly shifted toward negative values. Negative
density and temperature gradients are thus more probable.
The largest gradients are positive, but rare. One observes a
strong coherence between the three PDFs of the vertical
gradients of density, temperature and concentration (see
ﬁgure 16). While these z-gradient PDFs bear some resemblance with PDFs obtained in [37] for a passive scalar, they
are much more skewed. However, the present conﬁguration of
a two-component mixing with variable temperature, linked
with density and concentration through an EOS, is quite

(17)

This quantity gives some indications on the return to isotropy
of the intermediate-scales (d = 1), while for d = 2, it gives
information on the small-scales. The evolution with time of
this coefﬁcient is displayed in ﬁgure 14 for d = 1, 2 (left and
right, respectively) and for two values of b = 0.8 and 0.2
(blue and green, respectively). These coefﬁcients evolve with
time in a similar but not identical way. They ﬁrst both
strongly decrease, up to t » 1, and reach negative values.
However the intermediate scales lead to stronger negative
values than the small scales. These negative values may be
interpreted as resulting from vertical concentration gradients
being weaker than horizontal ones in this transitioning ﬂow.
Indeed the vertical and horizontal Reynolds numbers which
are relatively small but strongly growing at these times, are
characterized by larger values of the vertical Reynolds
number (ﬁgure 8 left). As a result, turbulence is stronger
and vertical concentration gradients are expected to be
smaller. In a second step, where both horizontal and vertical
Reynolds numbers still grow, the two coefﬁcients, for
d = 1, 2, get closer to zero. The intermediate-scale indicator
C¶(z1) c¢ remains negative up to t » 5.9, where the value
averaged over the interior of the mixing layer (b = 0.2) is
14
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Figure 15. RT-mixing layer. Statistical study. Left: PDFs of the density gradients ¶x r ¢ and ¶z r ¢ at time t » 4.69. The Gaussian associated
with ¶x r ¢ is represented with a black dashed line. Right: PDFs of the temperature gradients ¶x T ¢ and ¶z T ¢ at the same time. The Gaussian is
associated with ¶x T ¢.

Figure 16. RT-mixing layer. Statistical study. PDFs of the concentration gradient ¶z c¢ with the associated Gaussian, represented by a black
dashed line. Left: time t » 4.69 where the Reynolds number is maximum. Right: time t » 12.7 where turbulence is extinguished, but mixture
is not homogeneous. Note the different abscissas in these two plots.

Gaussian. This slight inhomogeneous character of the
concentration distribution is inherited from intermittency
but, according to the molecular mixing fraction behaviour
(ﬁgure 13), mixing is on the way to homogeneization.

different from the canonical situation of a passive scalar in an
incompressible ﬂow. Figure 16 displays the PDF of the
concentration gradient ¶z c¢ with the associated Gaussian
distribution at two different times. At time t » 4.69 (left),
where the Reynolds number is maximum, the distribution is
strongly asymmetric, slightly shifted on the negative values,
while the wing on the positive value side is close to an
exponential. Once again, this exponential wing is related to
the intermittency of the turbulence. On the right side of
ﬁgure 16, the distribution is represented at time t » 12.7
where turbulence is extinguished, but mixture is not fully
homogenized. The distribution is quasi-Gaussian for negative
values of the concentration gradient. The ﬁrst part of the wing
on the positive side is close to an exponential. However
considering the abscissa, from −10 to +15, the verticalconcentration gradient distribution is not far from being

3.6. Flow visualization

We end this analysis by a visualization of the vortical structure of the turbulent mixing layer. Vorticity is a key quantity
in turbulence and in turbulent mixing. However, vortices and
coherent structures in a turbulent ﬂow are better detected with
the Q-criterion, since vorticity does not always correspond to
vortices [43]. This Q-criterion refers to the second invariant of
the velocity-gradient tensor u
i j , Q = 1 2 (Wij Wij - Dij Dij ),
where Ω and D are respectively the antisymmetric and symmetric parts of u
i j . Positive values of Q correspond to vortices, while negative values are associated with shear.
15
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chosen AFI ﬂows or the strongly stratiﬁed RTI layer are
characterized by a transience of their perturbation dynamics.
In the AFI ﬂows, this perturbation dynamics transience
takes the form of ﬁnite-durations of successive linear-perturbation evolution phases until reaching regimes of decaying
oscillations. This behaviour is observed in weakly or strongly
accelerated ablation fronts, whether for conﬁgurations of
irradiation asymmetries or of initial external-surface defects,
and is a result of the mean-ﬂow unsteadiness and stretching.
This transience leads to ﬁnite-term stabilization of linear
perturbations for each of the studied cases, including for an
ablative RTI conﬁguration. In the case of the RTI-induced
mixing layer, perturbation dynamics transience, which manifests itself through the extinction of mixing as the ﬂow
reaches a stable state made of two stably stratiﬁed layers of
pure light (at the top) and heavy (at the bottom) ﬂuids separated by an unstratiﬁed mixing layer, is due to static compressibility. Here, turbulence smoothes the unstable density
gradient so that the source of instability extinguishes quickly
as opposed to unstratiﬁed conﬁgurations where the mixing
layer may grow without bounds. Results of this 3D direct
numerical simulation point out a second feature due to
compressibility under the form of intense acoustic wave
production, mainly localized in the heavy ﬂuid. Such behaviours develop although the various Mach numbers of the
ﬂow are small. Strong deviation from Gaussianity are
observed in the PDFs of pressure ﬂuctuations, vorticity,
density and temperature gradients. Exponential wings of the
vorticity PDF reveal an intermittency of the ﬂow. In this
unsteady compressible RT ﬂow, strong anisotropies in the
Rayleigh–Taylor regime are observed, at intermediate- and
small-scales. However in the free decaying regime, the
intermediate-scales are isotropic, while a small-scale anisotropy is present. This small-scale anisotropy may be associated either with acoustic waves or with a small-scale
buoyancy, or both, even when the averaged Atwood number
has vanished, as these two possible sources are strongly
anisotropic.
Short-term linear perturbation dynamics have been
recognized, rather recently, as playing a critical role in actual
ﬂow instabilities and transition to turbulence (e.g. see [44]).
Short-time perturbation growth is obviously what really
matters when considering the stability of HEDP ﬂows. The
perturbation dynamics discussed here may be held as particular instances of such short-time evolutions that are
obtained under very speciﬁc conditions imposed by perturbation initial and/or boundary conditions. However, as such,
they could be particularly misleading and, anyway, can only
furnish a partial description of the actual ﬂow stability
properties. A more thorough assessment of these properties—
i.e. systematically investigating short-time perturbation
dynamics and identifying dominant energy-growing, socalled ‘optimal’, perturbations—would require more extensive perturbation computations carried out in broader settings,
and using methods of non-normal stability theory [44]. Outcomes of such investigations could be especially valuable to a
better understanding of ICF implosion experiments where

Figure 17. RT-mixing layer. Visualization of the vortical structure
with the Q-criterion (Q = 2) at t = 4.69. Isosurfaces are coloured by
the concentration (heavy ﬂuid in red and light ﬂuid in blue). Torusshape structures, corresponding to mushroom patterns for the density
or the concentration, are visible on the top of the layer.

Figure 17 shows the Q-criterion for Q = 2, i.e., a rather small
value, at a time close to the maximum of the vertical Taylor
based Reynolds number, t » 4.69. This picture shows that the
intermediate scales have some coherence. Indeed vortices
localized inside the mixing layer take the form of tubes of
ﬁnite length [36]. However torus-shape structures, corresponding to mushroom patterns for the density or the concentration, are visible on the top boundary of the layer. They
also occur on the bottom boundary.

4. Conclusion
In this paper we have reported results obtained for two elementary unstable ﬂow conﬁgurations relevant to HEDP: the
ablation front instability and the Rayleigh–Taylor -instability
induced mixing layer. An ablation front corresponds to a
nonlinear heat wave in the deﬂagration regime, i.e. a thermal
wave front preceded by a fore-running shock wave, while a
Rayleigh–Taylor unstable conﬁguration is in its simplest
form the stacking of a heavy ﬂuid on top of a light one in a
downward-oriented constant and uniform force ﬁeld. In each
of these two cases, the ﬂows studied present features that are
inherent to HEDP ﬂows: compressibility—in both its static
(stratiﬁcation) and dynamic (acoustics) forms—and conﬁnement, with in addition realistic mean-ﬂow dynamics and
structures for the AFI case. The AFI conﬁguration consists in
a sample of self-similar solutions of unsteady ablative ﬂows
for an inviscid compressible monatomic gas with electron or
radiative nonlinear heat-conduction models. The RTI induced
mixing layer is a Rayleigh–Taylor -unstable stack of two
strongly-stratiﬁed miscible gases at homo-thermal mean-ﬂow
equilibrium in a uniform and constant acceleration ﬁeld. Both
types of ﬂows are treated with dedicated high-accuracy
numerical methods—i.e. self-adaptive multidomain Chebyshev–Fourier spectral methods—in the linear perturbation
approximation for the AFI case and in a fully nonlinear formulation for the RTI-induced mixing layer. Whether the
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Appendix The mixing model for miscible
compressible ﬂuids
The mixing of two perfectly miscible gases is considered here
within the single ﬂuid approximation. The expressions of the
partial pressures read
pH , L =


rH , L TH , L ,
H , L

(A.1)

where rH , L and TH , L are the densities and the temperatures of
the ﬂuids. We use the classical ‘partial pressures—partial
densities’ thermodynamic mixing model that reads
p = pH + pL ,
r = rH + rL
and T = TH = TL ,

(A.2)

where p, ρ and T are the pressure, density and temperature of
the single ﬂuid. We also introduce the ﬂuid concentration
c = rH r . The speciﬁc heats at constant volume and pressure
are denoted Cv, p; H , L and their ratios gH , L . The adiabatic index
of the mixing is gm (c ) = Cp, m Cv, m , where the expressions of
the mixing speciﬁc heats read
Cv, p; m (c) = c Cv, p; H + (1 - c) Cv, p; L .

(A.3)

The reference concentration is chosen to be
cref = (1 - At) 2, where At = (rH - rL ) (rH + rL ) is the
Atwood number. We also use the reference value
γr = γm(cref).
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